The Lam and Rott theory of linearized unsteady boundary layers is revisited, and some new results are obtained. The exact outer eigensolution for a flat plate found in the original paper is shown to be a special case of the Prandtl transposition theorem. The streamwise coordinate-dependent factor of the inner eigen-solutions, first found by M. E. Goldstein for the flat plate, is generalized for arbitrary pressure gradients.
Introduction
In 1960, we did research on unsteady laminar boundary layers under the general supervision of Professor William R. Sears, and issued a Cornell University Graduate School of Aeronautical Engineering Report (Lam and Rott, 1960) entitled "Theory of Linearized Time-dependent Boundary Layers." This report derived, for the first time, eigen-solutions to the linearized unsteady laminar boundary layer equations. In addition, it showed that the "low-frequency" series solution obtained has an infinite radius of convergence, and computed 15 terms of this series. Even though it was never published in the open literature, this work has been noted, used and extended by several authors. Ackerberg and Phillips (1972) noted that Lam and Rott " anticipated the use of matched (asymptotic) expansions," and presented an alternative analysis supplemented by direct numerical solutions of the governing partial differential equations using a finite difference method. Later, Goldstein (1983) pointed out that the Lam and Rott eigen-solutions accounted for non-parallel flow effects-thus providing the mechanism to reduce long wave-length free-stream disturbances progressively to match the Tollmien-Schlichting wave lengths further downstream. He showed that the "lowest order asymptotic eigen-solution of the unsteady boundary-layer equations turns into a spatially growing Tollmien-Schlichting wave." In addition, he pointed out that, for the flat plate case, both previous works missed a power law factor in the eigen-solutions, and showed that this missing factor is important in the calculation of higher order terms. Recently, these eigen-solutions were found to be useful (Kerschen, 1990) in the study of the receptivity of boundary layers (Roshotko, 1976) .
In other developments, Brown and Stewartson (1974) studied the leading order linear partial differential equation which governed the Lam and Rott eigen-solutions, and constructed an "exact solution" for a model problem in terms of a contour integral using Laplace Transform. They showed that the "most significant exponentially decaying term" of the asymptotic representation of this exact analytical solution far downstream was in agreement with the Lam and Rott results. Van Dyke (1974) cited the 15 terms Lam and Rott low-frequency series solution as a rare example in analytical mechanics of a series solution with infinite radius of convergence.
It is now a third of a century since the original Cornell University report appeared. We are rewriting this work to honor Professor William R. Sears on his 80th birthday, and to acknowledge to him our debts for his inspirations, friendship and support throughout the years. Originally, we had planned to simply edit the original manuscript and to publish it without changing the technical content. However, it seemed appropriate to refer to developments since, and the process of editing stimulated fresh analyses which eventually led to a number of new results. In particular, our original "exact" outer eigensolution for the flat plate case is extended to be valid for arbitrary pressure gradients. In addition, the streamwise coordinate-dependent factor of the inner eigen-solutions, missed by all investigators prior to 1983, is rederived without requiring that pressure gradient of the basic steady flow be zero.
Statement of the Problem
The laminar, constant property, two-dimensional time-dependent boundary layer equations are:
and
where − 1 ρ dp dx
and U ∞ , the freestream velocity, is given by
where U o (x) and U 1 (x) are given functions of x and is a small dimensionless parameter. For the sake of simplicity, the frequency ω is considered real and positive.
Since is small, we express u and v as follows:
where (U, V ) is an exact steady-state solution and (u , v ) represents the time-dependent perturbation. The equations governing (u , v ) are linearized:
For later convenience, we differentiate (4b) with respect to y to obtain:
It is important to note that the boundary layer approximations are assumed to hold for the perturbation velocities. In particular, u y >> v x is assumed. Hence u y can be interpreted to be the perturbation vorticity, and (5) can be interpreted to be the linearized vorticity equation. The initial and boundary conditions for this parabolic partial differential equation are the standard ones.
The Choice of Independent Variables
We write the total streamfunction ψ for the flow as follows:
where the basic steady flow solution F (x, η) is assumed known, η is the usual non-dimensional normal coordinate of the basic steady boundary layer, η ≡ y U o (x)/2νx, and ψ is the streamfunction of the time-dependent perturbation.
For problems with sinusoidal time dependence, ψ can be expressed in terms of only two independent variables, ξ and η, where ξ, the reduced frequency parameter, is given by ξ ≡ iωx/U o (x). For any given basic flow (we shall exclude from our consideration the "pure" stagnation point case, U o (x) ∝ x for all x, which is an exception), ξ will be a function of x. Hence, for fixed ω, the whole range of |ξ| from zero to infinity is of interest.
The solution ψ (ξ, η) when expressed as a power series in ξ is called the low-frequency series solution.
For large values of ξ, an alternative choice of normal coordinate is more appropriate:
The solution ψ (α, β) when expressed as a power series in α is called the high-frequency series solution.
The Literature in 1960
Special cases of this class of problems had already been reported in the literature prior to 1960. For example, Lighthill (1954) and Illingworth (1958) studied the flat plate case. Rott (1956) and Glauert (1956) studied the pure stagnation point case. The flat plate case presents certain interesting mathematical peculiarities, and it provided the primary motivation for Lam and Rott.
The low-frequency solution, a series in powers of ξ, can be straightforwardly calculated. Lighthill and Illingworth computed the first two terms, and Lam and Rott computed the first 15 terms. In addition, Lam and Rott showed that the low-frequency series solution has an infinite radius of convergence, and proved an uniqueness theorem.
The high-frequency solution is a series in powers of α. Lighthill carried only one term in his calculation, while Illingworth carried the expansion to order α 3 , and included the effects of compressibility. His higher-order velocity profiles behave like polynomials in β for β large, and Illingworth was satisfied that they only blow-up algebraically and not exponentially. Rott and Rosenzweig (1969) suggested that the high-frequency solution might have an "inner and outer" structure. The Lam and Rott analysis, which was done before the method of matched asymptotic expansion became widely accepted, showed that the solution had indeed an inner and outer structure for large ξ, and constructed an uniformly valid composite high-frequency solution which satisfied all boundary conditions. The high frequency series solution for the flat plate is mathematically an asymptotic solution valid far downstream. The question posed by Lam and Rott was: what would be the response of a laminar boundary layer far downstream to some arbitray time-dependent perturbation imposed at some upstream station? The Lighthill and Illingworth high-frequency series solution could not answer this question, for their theory did not provide the needed degrees of freedom. Noting that solutions to initial-value problems for linear parabolic partial differential equations is usually expressed in terms of their eigen-solutions, Lam and Rott proceeded to look for them and succeeded in finding them for the linearized unsteady boundary layer equations. In principle, the desired solution far downstream would then be given as a superposition of these eigen-solutions on top of the Lighthill-Illingworth high-frequency series solution.
The Eigen-Solutions
Equations (4a) and (4b), with the latter's "forcing term" dp /dx deleted (i. e. setting U 1 = 0), constitute a system of linear homogeneous partial differential equation. Solutions to this PDE system satisfying null freestream and wall boundary conditions are called eigen-solutions. We are interested in the construction of eigen-solutions when ξ is large.
It is now well established that the large ξ eigen-solution has an inner and outer structure. In the following sections, separate outer and inner eigensolutions will be found and matched with each other.
A Special Exact Outer Eigen-Solution
Consider the following transformation of dependent and independent variables:
where B(x, t) is any arbitrary differentiable function of x and t, and is a dimensionless parameter which need not be small-for the moment. In other words, the unsteady boundary layer equations are invariant under this transformation. Hence, a special exact solution (for the same externally imposed pressure gradient) is:
Physically, this result says that the effects of a flexible and time-dependent moving wall located at y wall = B(x, t) can be removed by a coordinate transformation-provided that the movements of the wall do not disturb the externally imposed pressure gradient. This special property of the boundary layer equations was first noted by Prandtl (1938) for B = B(x), and was later generalized by Glauert (1957) for B = B(x, z, t) for three-dimensional unsteady compressible flows.
If we now assume that is small, then (8) can be expanded to yield:
Using (9a), (9b) in (7b) and (7c) and comparing the results to (3a) and (3b), we obtain:
Equations (10a) and (10b) satisfy (4a) and the homogeneous version of (4b) exactly-for any differentiable but otherwise arbitrary B(x, t)-as can be verified readily by direct substitution. Note that u is null as required at the edge of the boundary layer (y → ∞), but the no-slip condition is not satisfied at the wall (y = 0). This special exact solution for the flat plate case was first found by Lam and Rott, and was used as part of the outer solution in their flat plate highfrequency analysis. The fact that it is a valid outer eigen-solution for the general case (without requiring to be small, frequency to be high, or the basic pressure gradient to be zero), and that it was in fact the linearized version of the Prandtl-Glauert transposition theorem, was discovered only during the rewriting of this paper. Note that it possesses no degree of freedom to accommodate for arbitrary upstream initial conditions, hence it cannot be used to represent their effects downstream. Nevertheless, we shall call it the outer eigen-solution because it possesss the desired degree of freedom to match with the inner eigen-solutions.
The High-Frequency Inner Eigen-Solutions
Let the perturbation eigen streamfunction ψ be expressed as follows:
where K is a dimensional (complex) constant to be determined and σ(x) is the slope of the basic steady streamwise velocity profile at the wall:
. We have:
When ω is sufficiently large, a thin inner layer of thickness β = O(1) is expected adjacent to the wall to accommodate for the no-slip boundary condition. It is clear that in this thin layer, the unsteady term, the viscous term, and the convection term of the boundary layer momentum equation must all play a role. Using (13a) and (13b) in (5), we obtain:
where the unsteady, viscous and one of the K-dependent convective terms have been placed on the left hand side, while all the remaining (convective) terms are placed on the right hand side and are collectively denoted by Q:
In the vicinity of the wall, the basic steady velocity profiles can be expressed as follows:
Using (16a), (16b) in (14), we obtain:
1 It is essential that the term proportional to y 4 in U be kept in this analysis. The omission of this term was responsible for the failure of the earlier analyses (Lam and Rott, 1960 , Ackerberg and Phillips, 1972 , and Brown and Stewartson, 1974 to obtain the correct x-dependent factor for the leading order eigen-solution.
We now introduce a new set of dimensionless independent variablex and ζ to replace x and y:
where L is the characteristic length of the basic steady flow problem, and ζ k and ∆ k are constants to be determined. We obtain:
where
and is proportional to the vorticity of the perturbation. To simplify (20), we choose:
so that (20) becomes, for small y (near the wall):
andQ 1 andQ 2 are given by:
The dimensionless parameters k1 and k2 are given by:
It is important to note that the ratio k2 / k1 is a large but purely imaginary number:
In the limit of asymptotically large ω, the parameters k1 and k2 are small-provided that ζ k is O(1). Expanding G,
we obtain the governing ODE for the leading order term:
Integrating with respect to ζ once, imposing the no-slip condition at the wall, and recognizing that
ζζ , we obtain:
which shall be found useful later. It is straightforward to show that the boundary conditions for G (o) (x, ζ) are (under the boundary layer approximations):
The solution of (28) can in general be expressed as linear combinations of Airy Functions A i (ζ) and B i (ζ) (Jeffery and Jeffery, 1972) . Only A i (ζ), which decays exponentially for |arg(ζ)| ≤ π/3 and oscillates and decays algebraically for arg(ζ) = π, is consistent with the above boundary conditions. Discarding 2 B i (ζ), we have:
where the amplitude factor a(x) may indeed depend onx was first pointed out by Goldstein (1983) . The only requirement at this point on a(x) is that it be smooth and differentiable whenx = O(1). The edge condition (30a) requires arg(ζ) ≤ π/3 as y → ∞. The phase of the right hand side of (22b) had been chosen to satisfy this requirement-with the understanding that square roots of positive real numbers are positive and real. The ζ k are the eigen-values for this problem, and they are determined by (30b) to be the zeros of dA i /dζ-which all lie on the negative real axis. Ordering them in ascending magnitudes, we have:
Note that |ζ k | is proportional to k 2/3 for large k. In principle, G should be represented by a linear combination of G k 's, each of which is associated with its own ζ k . In what follows, the G's we deal with are G k 's but their k-subscripts are omitted to minimize clutter.
We can compute P
Note that P (o) y is finite as ζ → ∞. In other words, the value of u at the edge of this inner layer is non-zero, and an outer layer is required to satisfy the requirement that u should be zero at the edge of the basic steady boundary layer.
All G (n) 's for n > 0 are required to satisfy the same homogeneous wall conditions as G (o) , but are allowed algebraic behaviors for their edge conditions in accordance with standard matched asymptotic expansion procedures (Van Dyke, 1964 , Cole, 1968 . The leading order matching will be done in §3.4 later.
The Determination of a(x)
To obtain an equation for a(x), we multiply (23) by A i (ζ) and integrate with respect to ζ from ζ k to infinity. Since L (ζ) ( * ) is a self-adjoint operator and L (ζ) (A i ) = 0, the left hand side can be shown to vanish identically by the use of (30a) and (30b):
We have:
which must be satisfied for allx.
Using (29), (31), (32) and (33) in (35), we obtain, after considerable algebra:
where Γ k1 and Γ k2 are k-dependent universal real constants
Integrating (36), we obtain:
When U o = constant, (38) reduces to the flat plate results obtained by Goldstein (1983) and Goldstein, Sockol and Sanz (1983) .
Matching the Outer and Inner Eigen-Solutions
At the edge of this inner layer (y → ∞), we have from (32):
where C k , which depends only on k, is:
Matching the values of u given by (10a) and (13a) at the junction of the outer and inner layers, we obtain, after using (22a), (22b) and (26) to eliminate K and Π k in favor of physical parameters:
It is seen that the leading effect of a non-zero pressure gradient is to introduce a purely oscillatory factor (with a comparatively much longer wave length) into the eigen-solutions.
The Low-Frequency Series Solution
We shall also present the Lam and Rott analysis of the low-frequency series solution here because the mathematics used is interesting and is similar to that used in the previous sections. Let the perturbation streamfunction ψ be expressed as follows:
Restricting our attention to the class of problems defined by:
we can obtain the a system of ODE's for all the g (n) 's. The ODE for g (n) 's for n ≥ 2 is:
where F (η; m) represents the basic steady similar solution. The boundary conditions are:
Lam and Rott numerically computed 15 terms of this series for the special case of a flat plate with m = m 1 = m 2 = 0. In addition, the leading approximation to g (n) for asymptotically large n was obtained. For large n, a new independent variable τ is introduced to replace η:
The basic solution F (η) can be expressed in terms of τ as follows:
We now express g (n) formally in terms of a set of basis functions Z k 's:
where the b k 's are constants independent of n, and D (n) k is a function of k and n to be determined. Substituting into (43), we obtain for n >> 1:
where z k given by
is required to be independent of n. Note that m 1 and m 2 do not appear in either (48) 
The presence of the [n!] 2/3 factor in the denominator indicates that the lowfrequency series is an integral function of 2/3 order (Copson, 1955) and has an infinite radius of convergence. Differentiating (48) with respect to τ , and introducing a new independent variable z by
we obtain:
Summary and Discussions
In the present paper, we revisit and present the two major results of the 1960 unpublished Lam and Rott Cornell Report: the uniformly valid eigensolutions of the linearized unsteady boundary layer equations in the highfrequency asymptotic limit, and the leading approximation to terms in the low-frequency series solution in the large index limit. In the latter case, the presentation here is essentially identical to the original presentation; only minor changes were made for the purpose of streamlining the presentation. In the former case, however, some new results were obtained in the course of the rewriting, and they are incorporated into the presentation. Firstly, we show here that the special Lam and Rott exact "outer solution" for a flat plate is merely the linear version of the Prandtl-Glauert transposition theorem which is valid for any basic steady flow-with or without pressure gradients. Secondly, their original eigen-solutions did not satisfy the required null boundary condition for u at the freestream edge. In the present work, the special exact outer solution is used to match on to their inner eigen-solutions to yield uniformly valid eigen-solutions. Thirdly, they did not recognize that their (inner) eigen-solutions should have a streamwise coordinate dependent factor-as was pointed out by Goldstein 23 years later. In the present work, the Goldstein (1983) derivation, which was limited to a basic steady flow with zero pressure gradient, is extended to deal with the general case. It is shown that the presence of non-zero pressure gradients introduces an additional purely oscillatory factor to the eigen-solutions.
Under the boundary layer approximations, the velocity perturbations in the boundary layer generate no pressure response. Physically, however, the vertical velocity perturbation at the outer edge of the boundary layer will interact with the freestream irrotational flow, generating a pressure response. The main mathematical consequence of this effect is that the eigen-values ζ k are no longer real. This coupling has been treated by Smith (1979) for the case of the flat plate, and is critical to the "connection" between the boundary layer eigen-solutions and the Orr-Summerfeld eigen-solutions.
The analytical result obtained for a(x) for arbitrary pressure gradients is expected to be a useful resource for current and future studies on boundary layer receptivities ( Goldstein and Hultgren, 1989 , Hammerton and Kerschen, 1991 , Kerschen, 1993 .
